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Abstract The paper presents a novel split-and-merge algorithm for hierarchical clustering of Gaussian mixture models, which tends to improve on the local optimal solution determined by the initial constellation. It is initialized by local
optimal parameters obtained by using a baseline approach
similar to k-means, and it tends to approach more closely to
the global optimum of the target clustering function, by iteratively splitting and merging the clusters of Gaussian components obtained as the output of the baseline algorithm.
The algorithm is further improved by introducing model selection in order to obtain the best possible trade-off between
recognition accuracy and computational load in a Gaussian
selection task applied within an actual recognition system.
The proposed method is tested both on artificial data and in
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the framework of Gaussian selection performed within a real
continuous speech recognition system, and in both cases an
improvement over the baseline method has been observed.
Keywords Gaussian mixtures · Split-and-merge
operation · Hierarchical clustering · Continuous speech
recognition

1 Introduction
Gaussian Mixture Models (GMMs) are extensively used for
density estimation and data clustering in the fields of image
and speech processing [1, 2], as well speech and emotion
recognition and speaker identification [3]. Clustering procedure is one of the most important components in any recognition task [4–6]. Thus, clustering of Gaussian mixture components, i.e., Hierarchical Gaussian Mixture Model Clustering (HGMMC) (see [7, 8]) is a key component of Gaussian
Selection (GS) methods [9–12]. These are used for increasing the speed of recognition systems based on GMM models, especially in the areas of Continuous Speech Recognition (CSR), speaker verification [3] and speaker adaptation [13]. The purpose of HGMMC is to group and rerepresent the Gaussian components from the original Gaussian mixture, and also to create a compact, i.e., simplified
representation of the underlying mixture, with the restriction that no original component could be split in the reduced
representation. The aim is to simplify the underlying GMM
distribution that has already been learned from the observed data set; by forming a simplified hyper-distribution,
i.e. hyper-GMM. The Gaussian selection techniques are designed to reduce the likelihood computation load by computing only the likelihood of a selected subset of mixtures
for a particular input vector. The basic idea is to cluster all
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Gaussian components that are used in the recognition system, and to assign unique hyper-Gaussians with appropriately estimated parameters to these clusters. In the decoding
process, for a given observation, likelihoods of only those
Gaussian components which belong to a predefined percent
θ [%] of clusters whose corresponding hyper-Gaussians have
the highest likelihoods, are evaluated directly, while the likelihoods of all other Gaussian components are approximated
(floored). The approximate value for a particular Gaussian
component can be e.g. the likelihood of the corresponding
hyper-Gaussian evaluated for a particular observation.
The idea of GS was first introduced in [8], and it was refined and efficiently applied to CSR problems in the work
of Gales [9], but the method still did not include the full
Gaussian covariance in the actual clustering and selection
procedure. In [10] and [11], the method was generalized so
it could be hierarchical, and to use Gaussian component covariances in clustering. The mathematical aspects of a similar, but more formal approach were presented in [7], and
according to this approach, efficient Gaussian component
clustering algorithm, suitable for application in any of the
aforementioned recognition tasks, has been developed. The
HGMMC algorithm presented in [7] is used in this paper
as a baseline algorithm, as well as for comparison of the
experimental results. However, since it is based on vector
quantization, i.e., the Lindo-Buzo-Gray [14, 15] approach,
which is similar to k-means, after a finite number of iterations it converges only to a local optimal solution. To our
knowledge, the similar property holds for all GS methods
currently present in the literature [8–11]. We also note that
there are other approaches beside GS, related to the acceleration of GMMs, subspace tying techniques (see [16–18])
and kd-tree based techniques (see [19, 20] and [21]).
A novel Split-and-Merge algorithm for Hierarchical
Clustering of Gaussian Mixture Models (S&M HGMMC)
proposed in this paper tends to improve on the local optimal
solution determined by its initial constellation. The algorithm is initialized with locally optimal values obtained by
using the baseline HGMMC method presented in [7], and
it tends to approach to the global optimum of the clustering target function more closely by iteratively splitting, and
merging the clusters of Gaussian components obtained as
the output of the baseline method. The novel clustering algorithm is also applied to GS, in order to achieve a better
trade-off between speed and accuracy in a recognition task
(particularly CSR) than in case of the baseline method presented in [7], as well as in case of other similar methods.
Our motivation stems from a study by Ueda et al. [22],
who proposed the Split-and-Merge operation in order to address the problem of local convergence of the standard EM
algorithm for estimating the parameters of GMM models.
There are also several other researchers who have studied
the problem of finding the criteria for efficient selection of
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Split-and-Merge candidates [23, 24] in the task of EM learning of GMM models from observed data. These ideas have
been widely used in computer vision, pattern recognition,
and signal processing. In all these works, relative to the task
of GMM learning, the merge operation is well posed, as it
is based on ML estimation of Gaussian parameters in case
there is only one Gaussian component. On the other hand,
as a split criterion for a particular cluster of observations,
local Kullback-Leibler (KL) divergence has been proposed
(see [24]), i.e. the Gaussian component with the greatest local KL divergence is the one to be split. It is an ill-posed
problem, as there is no unique solution to it.
In our work, the concept of Split-and-Merge operations
initially proposed in [24] is incorporated in the framework
of HGMMC proposed in [7], which corresponds to a GS
process. As a merge criterion, we selected the minimal KL
divergence between two arbitrary Gaussian components, obtained by collapsing the underlying GMMs attached to the
corresponding clusters. The merge operation is a well-posed
problem, as there is a closed form solution to it. The optimal way to estimate the parameters of the hyper-Gaussian
that corresponds to the resulting cluster is also proposed
however, the generalization of the split operation is problematic. On one hand, the natural choice of the candidate
cluster for the split operation is the cluster with the largest
KL divergence between the hyper-Gaussian that represents
it, and the whole underlying GMM that corresponds to it. On
the other hand, there is no closed form expression for the
KL divergence between two Gaussian mixtures (except in
the trivial case when each mixture contains only one Gaussian component) thus, two different approximations for the
mentioned KL divergence are used, both are proposed by
Hershey and Olsen in [22], in order to implement the S&M
method in a feasible way. The first, which is more precise,
but much more computationally demanding is the Monte
Carlo Sampling Approximation (MCSA), and the second
one, much less computationally demanding, but still sufficiently precise, is the Lower Bound Variational Approximation (LBVA). The split operation is an ill-posed problem, a
possible solution to it is proposed within this research, also
a possible way to incorporate the model selection mechanism into the proposed S&M HGMMC approach is also
suggested, aiming at a better trade-off between computational efficiency and accuracy, when the clustering is applied
within a GS task, in a real recognition system.
Experiments have been conducted on artificial data as
well as on a real GS system, used within a CSR task. In the
experiments conducted on artificial data, for the proposed
S&M HGMMC, an improvement in terms of the values of
the cost function in comparison to the baseline HGMMC
was obtained in a large percent of cases, for all the tested
dimensions, and for both approximations of mixture KL divergence that were used. Furthermore, in the experiments
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on a real GS system, a better trade-off between recognition
accuracy and computational efficiency was achieved when
using the proposed S&M HGMMC, in comparison to the
GS system using the baseline HGMMC. Even better results
were obtained when the model selection mechanism mentioned above was incorporated.
The paper is organized as follows: Sect. 2 defines the
problem and gives the description of the baseline algorithm
used as a starting point for Split-and-Merge iteration, as well
as a reference point for evaluation of experimental results.
In Sect. 3, a novel S&M HGMMC is presented, along with
the appropriate Split-and-Merge criteria and operations. In
Sect. 4 it is explained how the model selection mechanism
can be incorporated into the proposed method. Section 5
presents the experimental results, which favor the proposed
approach over the baseline algorithm, confirming the considerations from previous sections. In Sect. 6, several conclusions have been drawn.
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of length m (i.e. of m elements in the partition) of the set
k = {1, . . . , k}, which is the set that indexes all Gaussian
components in the original mixture f , by Pm . It means that
any π ∈ Pm can be represented by π = {π1 , . . . , πm }, where:

k = m
j =1 πj , πj = ∅, i = j ⇒ πi ∩ πj = ∅ holds for all
i, j ∈ {1, . . . , m}. Each partition π ∈ Pm is considered as one
particular clustering into m clusters, of the set of Gaussian
components {fi }k1 , where πj , j ∈ {1, . . . , m} are particular
clusters of Gaussians, and π is referred to as the matching
partition. Let π ∈ Pm be fixed. Then for any i ∈ k , let us
denote π(i) = πj , if i ∈ πj . The term π(i) is the class of
equivalence that i ∈ k belongs to, given the unique equivalence relation that the partition π ∈ Pm generates. If an auxiliary function d(f, g, π) is defined as
d(f, g, π) =

k


αi KL(fi  gπ(i) )

for any π ∈ Pm , g ∈ MoG(m), for a given g ∈ MoG(m), the
matching partition π g ∈ Pm is

2 Problem formulation and the baseline algorithm

m

Let us consider the original (ground-truth) Gaussian Mixture Model (GMM) f with k > 1 d-dimensional Gaussian
components:
f (y) =

k


αi N(y; μi , i ) =

i=1

k


αi fi (y)

(1)

k

i=1

π g (i) = arg min KL(fi  gj ),
j =1

i = 1, . . . , k

(4)

and it can be easily shown (see [7]) that
d(f, g) = d(f, g, π g ) = min d(f, g, π)
π∈S

(5)

i=1

where αi is the occupancy of the i-th component in the mixture and fi = N(y; μi , i ) is the actual i-th Gaussian component.
The task of clustering GMMs is to cluster the components of the original Gaussian mixture f and to create a
new, more compact, i.e. simplified representation g of the
original mixture f , with m  k components, following
the restriction that no original component could be split in
the simplified representation. The distribution g is called
the hyper-mixture or hyper-GMM, and its components are
called hyper-Gaussians. Goldberger and Roweis [7] proposed an extended model-based approach that performs hierarchical clustering of a GMM, while still preserving the
component structure from the original model. Since the most
natural criterion, based on the KL divergence between two
GMMs, leads to an intractable optimization problem, they
introduced a new, analytically more tractable distance measure between the models f and g:
d(f, g) =

(3)

i=1

m

αi min KL(fi  gj )
j =1

(2)

Let us denote the set of all d-dimensional GMMs with at
most m components by MoG(m), and the set of all partitions

Given a matching partition π ∈ Pm , the function g π ∈
MoG(m) is defined as the mixture in which the Gaussian
component gjπ is obtained by collapsing the distribution

fjπ

i∈πj

= 

αi fi

i∈πj

(6)

αi

into a single Gaussian. The mean and the covariance of fjπ
are obtained as
1 
αi μi ,
βj
i∈πj
1 
˜j =

α i (i + (μi − μ̃j )(μi − μ̃j )T ),
βj
i∈πj

αj
βj =

μ̃j =

(7)

i∈πj

where fi = N (μi , i ) are the ground-truth Gaussian components. It has been shown (see [7], Lemma 1), that for the
˜ j ) with occupansingle Gaussian obtained as gjπ = N (μ̃j , 
cies βj , the following holds:
gjπ = arg min KL(fjπ  g) = arg min d(fjπ , g)
g∈MoG(1)

g∈MoG(1)

(8)
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where minimization is performed on the set of d-dimensional Gaussian densities, implying that gjπ is in fact obtained by collapsing fjπ into a single Gaussian. If one denotes the collapsed version of f according to some fixed
π ∈ Pm as g π , i.e.
gπ =

m


βj gjπ

(9)
d(f, g, π) =

j =1

then it has been shown in [7] that, given a Mixture of Gaussians (MoG) f and a matching partition π , the MoG g π
is a unique minimum point for d(f, g, π). As the main
double minimization problem (ĝ, π̂) = arg ming∈MoG(m) ×
minπ∈Pm d(f, g, π) cannot be solved analytically for arbitrary (g, π) ∈ MoG(m) × Pm , an alternating minimization
procedure is proposed (see [7]) in order to reach a local minimum of d(f, g). It is formulated as the alternating and iterative application of regroup and refit operations
π = arg min d(f, g, π) Regroup

(10)

g π = arg min d(f, g, π)

(11)

g

π

g

HGMMC) is proposed. It shares the basic idea with the
S&M algorithms presented for learning GMMs [22–24] insofar as it tends to improve on a local optimal solution for
cost (2) by iteratively applying Split-and-Merge operations.
We proceed further with the idea by rewriting (3) in the following equivalent form

Refit

It is clear that performing these operations decreases the
cost function d(f, g) defined by (2) monotonically (see [7]),
and since Pm is finite, and thus also MoG(m), the cost function converges to a local minimum ĝ of d(f, g) on MoG(m).

3 A novel Split-and-Merge algorithm for Gaussian
mixture clustering
A study by Ueda et al. [24] has been used as motivation
to enforce Split-and-Merge iterations in order to overcome
the problem of a local optimal solution of the EM algorithm
applied to learning of GMM from the observed data points.
For the split criterion, the local KL divergence, given by

fi (x; ψ)
dx
(12)
Jsplit (i; ψ) = fi (x; ψ) log
p(x; ψi )
has been adopted. It represents the distance between the two
distributions, the local data density around the i-th Gaussian component and the i-th Gaussian density specified by
the current parameter estimate (see [23] or [24] for more details). The Gaussian component with the greatest distance
Jsplit (i; ψ) has the least precise estimate, and therefore it
should be split into two components whose parameters are
then estimated using EM in the ML manner. As a merge criterion, the maximal correlation coefficient of two Gaussian
components has been used. This particular concept is further
developed in [23].
In this section, a novel Split-and-Merge algorithm for Hierarchical Clustering of Gaussian Mixture Models (S&M

m

j =1

Aj ,

Aj =



αi KL(fi  gj )

(13)

i∈πj

for a given ground truth distribution f ∈ MoG(k), arbitrary
g ∈ MoG(m) and π ∈ Pm , for a fixed m ∈ N .
Let us suppose that (ĝ, π̂ ) ∈ MoG(m) × Pm is obtained
as the local minimum of d(f, g, π), given by (3) and (13),
and let m > 3. The cost (13) for obtained (ĝ, π̂) can be represented as
d(f, ĝ, π̂ ) = Âk̂1 + Âk̂2 + Âjˆ + Â,

Â =



Âj

j ∈{1,...,m}
j ∈{
/ k̂1 ,k̂2 ,jˆ}

(14)
for some fixed k̂1 , k̂2 , jˆ ∈ {1, . . . , m}, where Âj =

i∈π̂j αi KL(fi  ĝj ). Let us suppose, without loss of generality, that clusters π̂k̂1 , π̂k̂2 ∈ π̂ have been chosen to be
merged, according to some adopted merge criterion, thus
forming a new cluster π̂k̂ = π̂k̂1 ∪ π̂k̂2 and a new match-

ing partition π = {π̂k̂ } ∪ {π̂j |j ∈ {1, . . . , m}\{k̂1 , k̂2 }}. The
Gaussian component ĝk̂ and occupancy β̂k̂ that correspond
to π̂k̂ are estimated using (7). Note that π ∈ Pm−1 , and that
it is obtained from π̂ by simply merging π̂k̂1 and π̂k̂2 into a
single cluster. Also note that g ∈ MoG(m − 1), which corre/ {k̂1 , k̂2 }, ĝk̂
sponds to π , is given by its components: ĝj , j ∈
and their corresponding occupancies. Moreover, for both
π and components of g , re-indexing is performed using
the index set {1, . . . , m − 1}. Let us also suppose, without loss of generality, that the cluster π̂jˆ ∈ π̂ is chosen to
be split, based on some adopted split criterion, and that
two new clusters π̂jˆ1 , π̂jˆ2 , where π̂jˆ = π̂jˆ1 ∪ π̂jˆ2 , are obtained by using an appropriate split method, where the estimates for parameters of corresponding Gaussian components ĝjˆ1 , ĝjˆ2 and occupancies β̂jˆ1 , β̂jˆ2 are obtained by using (7). In that way, the new partition π̃ ∈ Pm is obtained,
defined as π̃ = (π \{π̂jˆ }) ∪ {π̂jˆ1 , π̂jˆ2 }, and the corresponding hyper-GMM g̃ ∈ MoG(m), containing m − 3 compo/ {k̂1 , k̂2 , jˆ} and three additional Gaussian
nents ĝj for j ∈
components ĝk̂ , ĝjˆ1 and ĝjˆ2 , that are obtained by collapsing the GMMs that correspond to clusters π̂k̂ , π̂jˆ1 and π̂jˆ2
(see (6) and (7)), together with the corresponding occupancies. Re-indexing of components of π̃ and g̃ using the index set {1, . . . , m} is also performed. Note that our actual
proposal for the mentioned Split-and-Merge criteria and the
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split method
3.2. Now, let us deis given in Sects 3.1 and
fine Ãj = i∈π̃j αi KL(fi  g̃j ), Ã =
j ∈{1,...,m} Ãj , and
j ∈{
/ k̂,jˆ1 ,jˆ2 }

consider the condition
Âk̂1 + Âk̂2 + Âjˆ ≥ Ãk̂ + Ãjˆ1 + Ãjˆ2 .

(15)

Since the relation Ã = Â holds, this condition implies that
d(f, g̃, π̃ ) ≤ d(f, ĝ, π̂ ), and because of (5) and the fact that
π̂ = π ĝ and π̃ = π g̃ (for definition of π g see Sect. 2) it
eventually implies that d(f, g̃) ≤ d(f, ĝ).
Therefore, with such Split-and-Merge criteria and an adequate method of splitting cluster π̂jˆ into π̂jˆ1 , π̂jˆ2 , which
would lead to (15) with sufficient possibility, the introduction of S&M operations in the regroup-refit algorithm given
by (10) and (11) could, in a majority of cases, lead to lower
local minima of d(f, g) on MoG(m). In view of the previous fact, the actual Split-and-Merge criteria, together with
the method of performing the split operation, are crucial for
making the S&M operations performed within the regrouprefit algorithm (given by (10) and (11)) efficient in lowering the cost function (2). The split and the merge criterion are chosen in a natural way, using the KL divergence
as the well established informational pseudo-distance. Also,
the unique solution for obtaining the optimal parameters for
ĝk̂ is provided, which makes the proposed merge operation
well-posed. Nevertheless, as there is no expression for the
KL divergence between two arbitrary GMMs, approximations are introduced in order to make the proposed split criterion functional. Moreover, as the actual split operation is
ill-posed, one simple and effective solution is proposed in
this paper.
The considerations concerning (14) and (15) are related
to the case when the merge operation is performed prior to
the split operation. It should be noted that similar conclusions could also be drawn in the opposite case. This fact is
used in Sect. 4, where the model selection paradigm is incorporated into the proposed S&M Gaussian model clustering
framework in order to obtain a better trade-off between computational load and accuracy in the GS task applied within
a real CSR system, while the experiments are presented in
Sect. 5.2.
3.1 Merge operation
The merge operation is proposed as follows: For the currently obtained partitioning π̂ ∈ Pm and the hyper-mixture
ĝ ∈ MoG(m), the informational criterion based on informational KL distance is chosen. This criterion is considered
to be the most natural and potentially efficient, as it could
lead to the condition (15) being satisfied most frequently.
Two clusters π̂k̂1 , π̂k̂2 ∈ π̂ , with their corresponding Gaussian components, are chosen to be merged if
(k̂1 , k̂2 ) ∈

arg min
(k1 ,k2 )∈({1,...,m})2

KL(ĝk1  ĝk2 )

(16)

381

The expression for KL(h1  h2 ) for any d-dimensional
Gaussians h1 and h2 exists in a closed form given by

1
|2 |
KL(h1  h2 ) =
log
+ Tr(2−1 1 )
2
|1 |

T −1
(17)
+ (μ1 − μ2 ) 2 (μ1 − μ2 ) − d
where (μ1 , 1 ) and (μ2 , 2 ) are parameters of Gaussians
h1 and h2 respectively. If multiple solutions exist, any one
of them is chosen arbitrarily. Next, a well-posed merge operation is performed: the cluster π̂k̂ = π̂k̂1 ∪ π̂k̂2 and the corresponding hyper-Gaussian ĝk̂ (see Sect. 3) are obtained, using the estimates given by (7), for the newly obtained mixture


i∈π̂k̂ αi fi +
i∈π̂k̂ αi fi
1
2

(18)
fπ =
k̂
i∈π̂ ∪π̂ αi
k̂1

k̂2

Note that the merge operation used in the S&M GMM
learning framework [23, 24], contains the explicit EM optimization step for a GMM consisting of only one Gaussian
component that corresponds to the newly obtained cluster
(see [24]). In the proposed framework of S&M in a Gaussian
mixture clustering task, when the merge operation is performed, the actual “optimization” is done implicitly, since
the hyper-Gaussian ĝk̂ that corresponds to the cluster π̂k̂
yields the minimal KL divergence to the GMM (18), as it
is obtained by using estimates (7).
3.2 Split operation
For the same reasons as in the case of the merge operation,
we use the KL divergence as the criterion for the split operation. Let π̂ ∈ Pm be the partition obtained in the current step
of the S&M procedure and let and ĝ ∈ MoG(m) be its corresponding hyper-mixture. For the split operation, the cluster
jˆ ∈ π̂ , satisfying the condition
jˆ ∈

arg max
j ∈{1,...,m}\{k̂1 ,k̂2 }

KL(fjπ̂  ĝj )

(19)

is chosen, where fjπ̂ is the Gaussian mixture that corresponds to the cluster π̂j , ĝj is the component of ĝ that corresponds to the j -th cluster, and the clusters k̂1 , k̂2 are selected
for the merge operation that is to be conducted prior to the
split operation. As in the case of merge operation, if there
are multiple solutions, one of them is chosen arbitrarily.
As it is well known (see e.g. [22]), contrary to the KL
divergence between two Gaussians, for which there is a
closed form expression, as given by (17), there is no closed
form expression for the KL divergence between two arbitrary Gaussian mixtures. Thus, in order to make the criterion (19) feasible, we used two different approximations
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for KL(fjπ̂  ĝj ) which exist in the literature (see [22]), and
tested both of them experimentally. The approximations that
were used are presented in [25], and are briefly explained in
the sequel. The first is Monte Carlo Sampling Approximation (MCSA), given by:

j1

j2

thus obtaining (π̂jˆ1 , π̂jˆ1 ) = (π̂ (S)
, π̂ (S)
), the corresponding
ˆ
ˆ
j1

hyper-Gaussians (ĝjˆ1 , ĝjˆ2 ) =

π̂
n
1  fj (xi )
 ĝj ) =
ln
n
ĝj (xi )

DMCSA (fjπ̂

Next, the regroup-refit algorithm given by (10) and (11),
described in Sect. 2, is conducted on the cluster pair
(0)
(0)
(π̂ ˆ , π̂ ˆ ), until it converges in a number of steps S,

(20)

i=1

where {xi }ni=1 are i.i.d. samples drawn from the distribution fjπ̂ . In the experiments, {xi }ni=1 are actually drawn from
one of the Gaussian components fi , i ∈ π̂j independently.
For the actual number of observations
ni generated from a

particular fi , we take ni = αi / i∈πj αi , having in mind

that n = i∈πj ni . As its variance of estimation converges
to 0 when n → ∞ (see [22]), for a large number of generated samples n, an arbitrary good estimate of the true
KL(fjπ̂  ĝj ) can be obtained. On the other hand, regardless
of the fact that actual clustering is performed off-line, evaluation of such an estimation could be too computationally
demanding for real world applications.
In order to obtain a significantly lower computational
load in the S&M HGMMC task, the lower bound variational
approximation (LBVA) is used (see [22]). It is given by

−KL(fi ||fk )

k∈π̂j αk e
π̂
DLBV A (fj  ĝj ) =
αi ln
(21)
e−KL(fi ĝj )
i∈π̂

j2
(S) (S)
(ĝ ˆ , ĝ ˆ )
j1
j2

and occupancies

(S)
(S)
(β̂ ˆ , β̂ ˆ ).
j1
j2

(β̂jˆ1 , β̂jˆ2 ) =
This is actually the optimization
step. Note that, as the split operation is ill-posed, one possible solution is given, in which the parameters are initialized in a simple way. Also, note that since the initialization
could affect even the two clusters problem, especially in the
large dimensional case (such as the CSR task), there is some
space to improve the performance of the proposed algorithm
by using “better” initialization, but it is left for some future
work.
As the last step of each iteration of the S&M algorithm, after the split and the merge steps, the baseline algorithm initialized with their output (π̃ , g̃) is performed until it converges and (π ∗ , g ∗ ) is obtained. If d(f, g ∗ , π ∗ ) <
d(f, ĝ, π̂ ), where (π̂ , ĝ) is the result of the previous iteration of the S&M algorithm, then (π̂ , ĝ) ← (π ∗ , g ∗ ) is performed, and the algorithm proceeds with the next iteration.
If not, the process is finished, and (π̂ , ĝ) is adopted as the
final solution.
The block diagrams of the baseline HGMMC and the
proposed S&M HGMMC, are given below:

j

which is a closed form, since KL(fi  fk ) and KL(fi  ĝj ),
the KL divergences between particular Gaussian components, also exist in the closed form given by (17). It is a
much less computationally demanding approximation than
MCSA, but sufficiently efficient nevertheless, and has been
confirmed in the experiments presented in Sect. 5.
Let us assume that the cluster π̂jˆ is chosen to be split into
clusters π̂jˆ1 and π̂jˆ2 . Firstly, the parameters of the hyper(0)

(0)

Gaussians ĝ ˆ , ĝ ˆ and the corresponding occupancies are
j1
j2
initialized as:
(0)
j1

(0)
j2

β̂ ˆ = β̂ ˆ =

β̂jˆ
2

√
μ̂(0)
jˆ1

= μ̂jˆ +

,

ˆ (0) =
ˆ (0) = 

ˆ
ˆ
j1

j2

ˆˆ

j

(22)

2
√

λmax
vmax ,
2

μ̂(0)
jˆ2

= μ̂jˆ −

λmax
vmax
2
(23)

ˆ ˆ ) are the parameters of the Gaussian ĝ ˆ
where (μ̂jˆ , 
j
j
that corresponds to the cluster π̂jˆ , and λmax , vmax are the
maximum eigenvalue and the corresponding eigenvector
ˆ ˆ . For such ĝ (0) , ĝ (0) , a regroup operation
obtained for 
j
ˆ
ˆ
j1

j2

(0)
j1

(0)
j2

given by (10) is performed in order to obtain π̂ ˆ , π̂ ˆ .

HGMMC
– Initialization:
• For a predefined navr and the overall number of Gaussian components k, obtain the predefined number of
clusters as: m = k/navr .
• Select at random (uniform distribution) m different
centroids μj from the set of k mixture centroids used.
Assign to every centroid the identity covariance matrix
(0)
j = I . Perform one iteration of the regroup-refit algorithm given by (10) and (11), and obtain (π̂ (0) , ĝ (0) ).
– Clustering:
For a predefined ε > 0:
• Start with (π̂ (0) , ĝ (0) ) and repeat the regroup-refit algorithm given by (10) and (11) until in a p-th iteration |d(f, ĝ (p) , π̂ (p) ) − d(f, ĝ (p−1) , π̂ (p−1) )| < ε
holds. The final (π ∗ , g ∗ ) = (π (p) , g (p) ) is adopted.
S&M HGMMC
– Initialization:
• Perform the regroup-refit algorithm described in Sect. 2
until it converges to (π̂ , ĝ) for the predefined navr , i.e.,
the predefined number of clusters m = k/navr  and
a predefined ε > 0, and obtain initial (π̂ (0) , ĝ (0) ) =
(π̂ , ĝ).
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– Clustering:
Start with (π̂ (0) , ĝ (0) ) and repeat the following until in a
p-th iteration d(f, ĝ (p) , π̂ (p) ) ≥ d(f, ĝ (p−1) , π̂ (p−1) ):
• Let (π̂ , ĝ) ← (π̂ (p) , ĝ (p) ). Select candidates π̂k̂1 ,
π̂k̂2 ∈ π̂ for merge operation based on the criterion (16).
Perform the merge operation described in Sect. 3.1, by
merging k̂1 and k̂2 into k̂, i.e. π̂k̂ = π̂k̂1 ∪ π̂k̂2 .
• Perform the optimization step: obtain ĝk̂ that corresponds to the mixture (18), using estimates (7).
• Select the candidate π̂jˆ ∈ π̂\{π̂k̂1 , π̂k̂2 } for performing
the split operation by using the criterion (19), together
with some chosen approximation ((20) or (21)).
(0)
(0)
• Perform the optimization step: obtain initial β ˆ , β ˆ ,
j1

(0)

(0)

(0)

j2

(0)

(μ ˆ ,  ˆ ) and (μ ˆ ,  ˆ ) using (22) and (23). Perj1
j1
j2
j2
form one regroup operation in order to obtain the corre(0)
(0)
sponding cluster pair (π̂ ˆ , π̂ ˆ ). Perform the regroupj1

j2

(0)

(0)

refit algorithm described in Sect. 2 on (π̂ ˆ , π̂ ˆ ), unj1
j2
til it converges in an S-th iteration for the predefined
ε > 0, thus obtaining (π̂jˆ1 , π̂jˆ2 ) = (π̂ (S)
, π̂ (S)
),
ˆ
ˆ
(S)

(S)

j1
j2
(S)
(S)

(ĝjˆ1 , ĝjˆ2 ) = (ĝ ˆ , ĝ ˆ ), (β̂jˆ1 , β̂jˆ2 ) = (β̂ ˆ , β̂ ˆ ) as
j1
j2
j1
j2
described in Sect. 3.2.
• Perform one iteration of the regroup-refit algorithm
given by (10) and (11), on (π̂ \{π̂k̂1 , π̂k̂2 , π̂jˆ }) ∪
{π̂k̂ , π̂jˆ1 , π̂jˆ2 } (see Sect. 3), until it converges with the
predefined ε > 0, thus obtaining (π̂ (p) , ĝ (p) ).
Adopt final (π ∗ , g ∗ ) = (π (p−1) , g (p−1) ).

4 Incorporating model selection into the proposed
Split-and-Merge framework
One of the important things in any clustering task is the
model selection, i.e. the question of the “optimal” number
of clusters m∗ that is to be imposed on the model in order
to avoid overfitting. In the task of GMM learning, there are
various model selection techniques, such as e.g. Akaike Information Criterion (AIC), Bayesian Information Criterion
(BIC), or the more efficient cross-validation technique [26].
While AIC and BIC are not sufficiently reliable for many
applications, cross-validation is extremely computationally
demanding. Nevertheless, being based on informational criteria, all three techniques strive to get close to the optimal
(or a sub-optimal) size of GMM that describes the underlying distribution (which is not exactly known, but the set of
observations drawn from it is available), so that some informational distance between the underlying distribution and
that particular GMM is as low as possible. Nevertheless, in
the case of HGMMC, if we consider the underlying distribution to be equal to f , and if we search for the minimal
KL divergence and disregard the fact that the regroup-refit
algorithm obtains only a sub-optimal solution, it is clearly
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m∗ = k and g ∗ = f , implying that a view that is solely informational leads to ambiguity. Our goal is to incorporate the
model selection, i.e. to obtain a number of clusters m that
yields the best trade-off between computational load and accuracy, when performing the GS task within a real recognition system.
Thus, the actual Gaussian components {fi }ki=1 are considered as objects in the k-means based algorithm, where
KL is used as the pseudo-distance, as defined in Sect. 2. One
of the simplest model selection techniques, which can be applied to any k-means based clustering, but yet efficient in a
majority of cases, is the following (see [15, 26]): Start with
a smaller number of clusters (for example m = 2), perform
a k-means based algorithm until it converges, and continue
by performing the same algorithm on an increased number
of clusters. The values of the cost function will decrease
rapidly until the “optimal” number of clusters is approached,
and it will significantly decelerate its decrease as the true
number of clusters is overreached, so that one can choose
the “optimal” number of clusters to be the one that corresponds to the knee-point of the previously described characteristic. The problem is that one must always perform the
complete clustering task from the beginning, for all different
predefined numbers of clusters, which results in a combinatorial explosion and makes the method practically unfeasible. We propose a version of the S&M Gaussian mixture
models clustering algorithm that uses the split and the merge
operations given in Sect. 3, but performs iterations of S&M
on an increasing number of clusters. It performs model selection “on the fly”, i.e., in just one pass of the algorithm.
The proposed method starts with the baseline method
given in Sect. 2, where the initial number of clusters
is set to m(0) = 2, and performs the regroup-refit algorithm given by (10) and (11) until it converges to some
(0) (0)
(π̂0 , ĝ0 ) ∈ P2 × MoG(2). Next, the split and the merge
operations, described in Sects. 3.1 and 3.2, are performed,
(0) (0)
starting with (π̂0 , ĝ0 ). If in a k-th Split-and-Merge step
(0) (0)
(0)
(0)
we obtain (π̂s,k , ĝs,k ) and (π̂m,k , ĝm,k ) respectively, where
(0)

(0)

(π̂k−1 , ĝk−1 ) are the partition and the hyper-Gaussian obtained at the end of the previous, k − 1-th attempt, then if
(0)
(0)
(0)
(0)
(0)
(0)
d(f, ĝm,k , π̂m,k ) < d(f, ĝk−1 , π̂k−1 ) holds, (π̂m,k , ĝm,k ) is
adopted as the current setting and it is continued with the
(0)
Split-and-Merge operations. On the contrary, if d(f, ĝm,k ,
(0)

(0)

(0)

π̂m,k ) ≥ d(f, ĝk−1 , π̂k−1 ), m(1) = 3 is adopted, and
(0) (0)
(π̂0(1) , ĝ0(1) ) ← (π̂s,k
, ĝs,k ) as well, thus (π̂0(1) , ĝ0(1) ) ∈ P3 ×
MoG(3). The number of clusters m(p) ← m(p−1) + 1 is
further increased using the described procedure, until, in a
(K)
(K)
(K−1)
(K−1)
Kth iteration, d(f, ĝ0 , π̂0 ) ≥ d(f, ĝ0
, π̂0
)−T
holds, where T > 0 is a predefined threshold. The “optimal”
number of clusters is then m∗ = m(K) , and the final setting
(K) (K)
(π ∗ , g ∗ ) = (π̂0 , ĝ0 ) ∈ Pm∗ × MoG(m∗ ) is obtained. It
means that the number of clusters will increase until the
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lowering of the cost function becomes sufficiently insignificant, i.e., below a predefined threshold T . The threshold T
controls the trade-off obtained in the actual GS system that
uses the proposed method, in the sense that a lower T produces more clusters and thus larger accuracy, but results in
a larger computational load.
In the experiments obtained in the GS task on a real CSR
system, as it can be seen in Table 4, Sect. 5, using an appropriate threshold T , a better trade-off between recognition accuracy and computational efficiency is obtained, for a different predefined θ [%] (percent of hyper-Gaussians for which
the underlying Gaussian components are directly evaluated
in the GS process, see [9] for basics concerning GS). Moreover, performing S&M operations on an increasing number
of clusters, as proposed in the previous considerations, also
shows better results in obtaining lower average values of
cost function (2), its lower variance, as well as a larger number of improvements observed on almost all artificial test
examples, as can be seen in Tables 1, 2 and 3, respectively.
The block diagram of the proposed S&M MS HGMMC
method is given below:
S&M MS HGMMC
– Initialization:
• Start with the initial number of clusters m(0) = 2 and
perform regroup-refit described in Sect. 2, thus obtain(0) (0)
ing (π̂0 , ĝ0 ).
– Clustering:
(K) (K)
Repeat the following until d(f, π̂0 , ĝ0 ) ≥
(K−1) (K−1)
, ĝ0
) − T in a K-th iteration, for a pred(f, π̂0
defined threshold T > 0:
• Perform Split-and-Merge operations: In a k-th Split(p) (p)
(p)
(p)
and-Merge step, (π̂s,k , ĝs,k ) and (π̂m,k , ĝm,k ) are obtained (p denotes the index of the iteration). If
(p)
(p)
(p)
(p)
d(f, ĝm,k , π̂m,k ) < d(f, π̂k−1 , ĝk−1 ) holds, where
(p)

(p)

(π̂k−1 , ĝk−1 ) are obtained in the previous, k − 1-th
(p) (p)
(π̂k , ĝk )

(p)

(p)

step,
← (π̂m,k , ĝm,k ) is set, and if not, a
new iteration is performed, and p ← p + 1, m(p+1) ←
(p+1) (p+1)
(p) (p)
, ĝ0
) ← (π̂s,k , ĝs,k ) are set.
m(p) + 1 and (π̂0

Adopt final (π ∗ , g ∗ ) = (π̂0 , g0 ).
(K)

(K)

5 Experimental results
In this section, experimental results that favor the proposed
approach in comparison to the baseline algorithm are presented, supporting our previous considerations. Experiments
have been conducted on artificial data (see Sect. 5.1), as
well as on a real GS system used within the CSR task (see
Sect. 5.2).

5.1 Experiments on artificial data
In the experiments conducted on artificial data, the results
of which are given in Tables 1 to 3, for the proposed S&M
MS HGMMC and S&M HGMMC, improvements were obtained in terms of lower average cost function and its lower
variance in a large percentage of cases, in comparison to
the baseline HGMMC, for all tested dimensions, and for
both approximations of mixture KL divergence used. Simulations were conducted using two different approximations
for KL(fjπ̂  ĝj ): the MCSA and the LBVA, defined in
Sect. 3.2. A total number of 2800 simulations on artificial
data were carried out, i.e. 100 testing examples for each
particular combination of the number of dimensions and
the number of Gaussian components, for a given algorithm
and KL approximation. The field “dimension” in Tables 1–3
refers to the dimension of the feature space of data, i.e. the
dimension of centroids of Gaussian components, while the
field “No. of Gaussians” refers to the number of Gaussian
components in a particular experiment. The results were obtained as follows: S&M MS HGMMC algorithm is executed
first, finding the “optimal” number of clusters m∗ = m(K) in
some K-th iteration (see Sect. 4). The iteration K is obtained
as the one in which the decrease in the cost function is lower
than 1% in comparison to the value obtained in the previous, K − 1-th iteration. After the convergence of the model
selection algorithm, S&M HGMMC starts with m∗ clusters.
Table 1 shows the average improvement in terms of the
average cost function (2), i.e., the average distance (KL divergence) between the clusters and their associated Gaussian components, obtained by using the proposed S&M MS
HGMMC and S&M HGMMC algorithms, in comparison to
the baseline HGMMC algorithm initialized with the same
number of clusters. It can be seen in Table 1 that both
S&M HGMMC and S&M MS HGMMC obtain better results in terms of lower average cost function, in comparison
to the baseline HGMMC. Moreover, as it was mentioned in
Sect. 4, performing the S&M operations on an increasing
number of clusters reaching m∗ , as it is done by S&M MS
HGMMC, additionally lowers the average cost in comparison to the S&M HGMMC initialized with the same number
of clusters m∗ . It can be noted that the lower average of the
cost function (2) directly corresponds to the actual recognition accuracy in GS task, on a real recognition system.
Table 2 shows the average reduction in standard deviation of the cost function (2), for S&M MS HGMMC and
S&M HGMMC algorithms, in comparison to the baseline
HGMMC algorithm; initialized with the same number of
clusters. It can be seen that both S&M HGMMC and S&M
MS HGMMC give better results in comparison to the baseline HGMMC in terms of the reduction in standard deviation of the cost function (2). Moreover, as it was mentioned
in Sect. 4, performing the S&M operations on the increasing number of clusters, reaching some predefined m∗ , as it
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Table 1 Improvement in terms
of the average reduction of the
cost function, obtained by using
the proposed S&M MS
HGMMC and S&M HGMMC
algorithms, in comparison to the
baseline HGMMC algorithm.
Experiments are conducted on
artificial data

No. of
Gaussians

Dimension

100
100

LBVA

MCSA MS

MCSA

2

29.84

12.73

32.39

15.58

10

21.35

13.25

22.12

14.06

200

2

18.94

13.44

25.83

15.76

200

10

19.67

20.48

24.23

20.62

500

2

17.11

13.12

18.31

14.59

500

10

20.68

18.57

22.73

19.55

500

20

19.73

17.44

23.33

19.05

21.05

15.58

24.13

17.03

No. of
Gaussians

Dimension

100
100

Average reduction in standard deviation [%]
LBVA MS

LBVA

MCSA MS

MCSA

2

37.71

30.11

63.42

32.35

10

12.31

8.03

15.63

9.08

200

2

26.05

21.14

40.04

28.91

200

10

7.13

6.05

21.98

17.36

500

2

39.51

29.92

51.23

45.31

500

10

14.62

10.44

17.71

11.56

500

20

6.12

5.08

9.07

8.32

20.49

15.82

31.30

21.84

Total average

Table 3 The number of
simulations in percents (field
“percent of improvements”) in
which a reduction of the cost
function is observed, when
comparing the proposed S&M
MS HGMMC and S&M
HGMMC algorithms to the
baseline HGMMC algorithm.
Experiments are conducted on
artificial data

Average improvement [%]
LBVA MS

Total average

Table 2 Average reduction of
the standard deviation of the
cost function, for the proposed
S&M MS HGMMC and S&M
HGMMC algorithms, in
comparison to the baseline
HGMMC algorithm.
Experiments are conducted on
artificial data
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No. of
Gaussians

Dimension

100

Percent of improvements
LBVA MS

LBVA

MCSA MS

MCSA

2

92

71

98

65

100

10

91

62

96

65

200

2

75

55

84

71

200

10

80

67

89

68

500

2

82

71

86

81

500

10

78

63

78

67

500

20

88

75

95

86

83.71

66.29

89.43

71.86

Total average

is done by S&M MS HGMMC, additionally lowers the average standard deviation of the cost, in comparison to the
S&M HGMMC initialized with the same number of clusters
m∗ . It can be noted that lower standard deviation of the cost
function is relevant for the clustering algorithm. This implies
that it is less likely for some particular instance of the clustering to produce clusters that lead to the recognition error
in GS task being higher than the average recognition error
for that particular clustering method.
Table 3 shows the percentage of simulations (field “percent of improvements”) in which a reduction of the cost
function is observed in the experiments, for S&M MS HG-

MMC and S&M HGMMC algorithms. The experimental
settings for all three experiments presented in Tables 1–3
were identical. Although the proposed S&M approach does
not explicitly guarantee lowering of the cost function, it provides information on how frequently the cost function decreases. It can be seen from Table 3 that there is a large percentage of cases where the cost function decreases as a result
of the proposed S&M approach, for all experimental settings
used.
The average value and standard deviation of the cost
function (2) obtained within the experiments on artificial
data with a sufficiently wide range of data parameters, such
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as the dimension of the centroid vectors or the number
and diversity of parameters of Gaussian components, give
a good prediction of the performance of the proposed methods in recognition and GS tasks within real recognition systems. From the results presented in Tables 1 and 2, it is clear
that the proposed S&M HGMMC and S&M MS HGMMC
result in lower average values and standard deviation of the
cost function (2) in a large majority of cases (see Table 3).
A total reduction greater than 15% is achieved for both the
average value and the standard deviation of the cost function in comparison to the baseline HGMMC. The following
subsection gives an overview of the performance of the proposed S&M concept within a real CSR system.
5.2 Application in the GS task on real CSR system
S&M HGMMC and S&M MS HGMMC, proposed in
Sects. 3 and 4 respectively, were applied in the GS task on
a real CSR system, and compared to the baseline HGMMC
presented in Sect. 2, as well as to the system that does not
use a GS approach, which will be referred to as the full system.
For all experiments a CSR HMM based system that incorporates GMMs with full covariance matrices was used,
while training was performed using the Tree Based Clustering algorithm (TBC) [27, 28], allowing the parameters to be
shared between phonetic models. The system used 26 features, 24 of which describing the spectral envelope (12 static
and 12 dynamic mel-frequency cepstral coefficients, i.e., the
first time derivatives), and the remaining two of them describing normalized energy and its first time derivative. The
speech database used in the experiments was recorded at the
Faculty of Technical Sciences, Novi Sad. The database contains utterances from about 1000 different speakers (with
approximately equal gender distribution), recorded over the
public telephone network. The files were recorded in the
A-law format, with the sampling frequency of 8 kHz. The
recognition system used 5826 acoustical states with K =
29558 Gaussian mixture components altogether.
The performance of the GS method was assessed in terms
of both recognition performance and reduction in the number of directly calculated Gaussian components. The recognition performance was measured in terms of standard Word
Error Rate (WER). Reduction is expressed in terms of the
computational fraction factor (CF) [9], given as
CF =

Gnew + Rcomp
Gf ull

(24)

Terms Gnew and Gf ull are the average numbers of Gaussians calculated per frame in the system that uses GS and
the full system respectively, and the term Rcomp is the number of computations required for the system to calculate loglikelihoods of hyper-mixtures in order to decide whether the

Gaussian mixture component that belongs to a particular
cluster will be evaluated exactly or not. The term Rcomp is
approximated with Rcomp ≈ Gf ull /navr , where navr is the
average number of baseline Gaussians per cluster, simplifying the previous expression to:
CF ≈

Gnew
1
+
Gf ull navr

(25)

In the decoding stage (i.e., recognition stage) of GS, for
every particular observation vector, the log-likelihoods of all
hyper-Gaussians are evaluated. For a predefined percentage
θ [%] of hyper-Gaussians with the largest log-likelihoods,
the underlying Gaussian components that belong to the
corresponding clusters are evaluated exactly on a particular observation, while for the remaining components loglikelihoods are approximated with log-likelihoods of corresponding hyper-Gaussians evaluated for that particular observation.
In Table 4, a comparison of the performance of the following methods is presented: GS system that uses the baseline, GS system that uses the S&M HGMMC, GS system
that uses the S&M MS HGMMC, as well as the full system. In all experiments, only the LBVA approximation for
KL divergence, given by (21), is used, as it is computationally too expensive to use MCSA in a recognition system that
uses such a large number of Gaussian components as a CSR
system, regardless of the fact that the actual clustering is performed off-line. It can be seen that the S&M HGMMC gives
better results in terms of the trade-off between the recognition accuracy and the computational efficiency in comparison to the baseline HGMMC for all values of navr , and thus
for all the predefined numbers of clusters m = K/navr 
that are tested. It can also be seen that using the S&M MS
HGMMC, with the appropriate choice of the threshold T
(obtained empirically as T = 2.3), a better trade-off between
the recognition accuracy (WER) and the computational load
(CF) in comparison to the other methods was obtained, for
all values of θ used in the experiments. The experimental
results presented in Table 4 show that the proposed S&M
HGMMC and S&M MS HGMMC perform better than the
baseline HGMMC in a GS task within a real CSR system.
Moreover, the efficiency of model selection procedure, introduced in the S&M framework in Sect. 4, is also experimentally confirmed.
It should be pointed out that the execution times for the
proposed S&M HGMMC and S&M MS HGMMC are significantly larger than for the baseline HGMMC. However, it
should be noted that this does not affect the application of
the proposed algorithms, as both these algorithms are used
for off-line learning and the speed of actual recognition does
not depend on their computational load in any way.
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Table 4 Comparison of the proposed S&M HGMMC and S&M MS HGMMC with the full and the baseline HGMMC systems, in terms of WER
and CF factor, applied to the GS task within a real CSR system
Selection scheme

navr

T

m

θ[%]

WER[%]

CF

Full

–

–

–

–

2.12

1.0

HGMMC

50

–

591

40

2.31

0.42

100

–

295

40

2.34

0.43

S&M HGMMC

S&M MS HGMMC

150

–

197

40

2.39

0.43

50

–

591

30

2.77

0.32

100

–

295

30

2.81

0.33

150

–

197

30

2.93

0.34

50

–

591

20

3.37

0.22

100

–

295

20

3.42

0.23

150

–

197

20

3.63

0.23

50

–

591

40

2.25

0.41

100

–

295

40

2.28

0.41

150

–

197

40

2.32

0.42

50

–

591

30

2.57

0.32

100

–

295

30

2.72

0.32

150

–

197

30

2.79

0.33

50

–

591

20

3.15

0.21

100

–

295

20

3.19

0.22

150

–

197

20

3.23

0.23

–

2.3

583

40

2.18

0.43

–

2.3

583

30

2.43

0.32

–

2.3

583

20

3.08

0.22

6 Conclusions
The research presented in this paper concerns a novel Splitand-Merge algorithm for Hierarchical Gaussian Mixture
Models Clustering, which tends to improve on the local optimal solution determined by the initial constellation. The
algorithm is initialized by local optimal parameters obtained
by using a baseline approach similar to k-means. It tends to
approach the global optimum of the target clustering function more closely, by iteratively splitting and merging the
clusters of Gaussian components obtained as the output of
the baseline algorithm. In order to obtain a better trade-off
between recognition accuracy and computational load in a
GS task applied within an actual recognition process, model
selection is also incorporated. The proposed method was
tested on artificial data, as well as in the framework of a
GS task performed within an actual CSR system. Better results in comparison to the baseline approach presented in [7]
were obtained.
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